This paper addresses the question of what is the feasible range of movement for a body to remain balanced while standing. A feasible region in the center of mass position-velocity plane has been proposed previously. This paper shows that for a certain individual with given anatomical and mechanical characteristics, the feasible movements of the CoM, or more generally the range of states at which the control of balance would be possible, can be analytically found through a mechanical reasoning. This paper introduces a subspace of the motion state space, namely the integrated stable subspaces (ISS), and proves that the control of balance is possible all over the ISS. In order to illustrate how the method may be used in practice, the feasible region for a well-known one-DoF mechanical model as well as for a two-DoF one is found using this approach, and is compared to that found by the conventional method. The feasible region found by this method depends on the physical properties of a body including anatomical parameters of a body as well as the torque (control input) constraints. The method works with any arbitrary shape of the input constraint.
Introduction
Control of balance is an essential side objective in all human movements. When analyzing the ability to control the balance or developing a way to increase this ability, a key question is, what condition is to be fulfilled for the balance to be maintained during a movement or task, or similarly, what is the range of body movements in which the control of balance will be feasible. For a long time the feasible movements of a body for the control of balance were described by a single condition related to the position of the body CoM: the horizontal component of the location of the body CoM has to be confined within the base of support (BoS) [1] [2] [3] [4] [5] . It has been first proposed by reference [5] that the velocity of the CoM should also be accounted for in describing the feasible movements for the control of balance, since it governs the destiny of the CoM position. They defined a "motion state" consisting of two variables: the horizontal component of the location and velocity of the CoM in the sagittal plane. They obtained a region in the corresponding two-dimensional state space and suggested that the condition for the balance to be maintained for a body situation is that its corresponding motion state lies within this feasible region. However, in order to figure out the feasible recovery region they used a numerical searching and optimization method which includes iteratively solving the problem of whether maintaining the balance is possible at initial motion states. It is computationally expensive.
The feasible region has also been obtained in research dealing with the optimal balance recovery trajectory (see e.g. [6] ). The area in which an optimal trajectory finder has a solution is the feasible region. Trivially the computation burden in this approach is very heavy as well.
Another work used a curve fitting method [7] in order to express the boundaries of the feasible region obtained by [5] beforehand, which only simplifies working with the feasible region. Reference [8] simplified the dynamic equation of the same two-segment mechanical model of body and developed a very simple equation for the two main boundaries of the feasible region. In this research as well as those done in [5] , average muscle strength is assumed, and hence the effect of muscle strength is left out of view since for an average amount of strength the geometric constraints determine the feasible region.
Though in [5] additional calculations have been conducted in order to find the threshold values where key parameters (strength, friction, etc.) started to affect the feasible region, there is still no method, whether analytic or a computationally light numerical method, to figure out the feasible recovery region in the state space for any arbitrarily given anatomical and strength parameter values. Such a method will be necessary, for example, to consider the role of each constraint or parameter in altering the person's feasible movement range.
This paper proposes a new method to figure out the feasible range of the movement states for certain mechanical characteristics of an individual in which control of balance would be possible. The theory of the new method will be introduced first, then in order to illustrate how it may be applied, the balanceable region for a well-known one-degree of freedom (1-DoF) mechanical model, as well as for a 2-DoF one, will be found using this method.
Theory
In this study in order to avoid the complexities associated with the dynamics of stepping as well as three-dimensional movements, the focus is limited to non-stepping, sagittal planar linkages with sagittal symmetry assumed, capable only for anterior/posterior movements, although the methodology may be used for medio-lateral movements as well, and may be extended to include stepping actions. External forces are gravitational forces applied to each segment at their center of mass (CoM), and the ground reaction force (GRF) applied to the feet segment at the center of pressure (CoP).
The control input to this system ( ) by which a person controls its posture is the set of torques applied on each joint: … , where , , … are the torques applied from feet to shanks at the ankle, from shanks to thighs at the knee, etc. The number of the control input components ( ) is equal to the number of model joints. The control input is restricted by the individual's physical constraints such as the muscle strength, the necessity of keeping the feet stationary on the ground, etc. Let be the feasible range of , which is an -dimensional subset of ( ). is specific to the subject. The control input constraint may be expressed as ;
If the foot part is assumed not moving, which is an assumption of a successful control of balance, the equation of motion for such a linkage may be expressed in the familiar form of , , where is the coordinate vector, here the joint angles: shows from which body configurations (including the velocity of segments) the control of balance would be possible. At any other state, i.e. , a fall will initiate. A more strong individual has a larger feasible input region , and thus has a larger balanceable region . A trivial way to figure out for a given is to iteratively solve the balance recovery problem in order to find every point of the boundary of the balanceable region. Such an algorithm is computationally expensive, in particular when the dimension of the state space increases. In the following, a specific region will be introduced as a subspace of the state space which may be analytically defined and found for any control input constraint, and it will be shown that it is the balanceable region. 
Theorem 1:
Under the system dynamics of (3) with its input and state constrained to and , respectively, any state in will be able to be controlled so as not to escape out of : such that 0:
Proof: For any point on there exists an input on the boundary of (which is shown by ) the corresponding equilibrium point of which ( ) is on and is on its stable subspace ( ):
, This is equivalent to the idea that every point on lies on the of some which entirely lies on , and this is the definition of . Therefore, will remain on and will be driven to simply by setting the control input as . The result is, hence, as a trajectory touches , it can be controlled to remain on it. Thus, an individual with an input constraint of can control its state to remain on or in if it is on or in . *** However, is not necessarily a bounded set, so if the state is remaining in it doesn't necessarily mean that it goes toward the origin, or even that it doesn't get infinitely far. Another step forward is needed: , and a point in its integrated stable subspaces such that a state trajectory passing through will arrive on under the system dynamics of , (Proof in Appendix 1). This theorem says that for a certain input constraint , the system will be able to drive any point on the of some subset of -except the origin of the state space -to the of some subset of that subset which will easily conclude to the balanceability of by using the Lyapunov 2 nd theorem or the Krasovskii-LaSalle principle: the volume of the iISS of or its current subset is always positive and can be continuously decreased except when it reaches 0 where the algorithm stops, thus goes to 0 as time goes to infinity.
For any given input constraint its is entirely balanceable. The input constraint in this study may be any closed subspace of which includes the origin, and is not limited to those which may appear in practice for real cases. It is not guaranteed that for any arbitrary form of the input region in the input space its covers the entire balanceable region.
However, the following theorem gives a criterion to check whether of a given covers the balanceable region entirely or not: (4) with . The other stable subspace, , can be found in a similar way.
In order to produce numerical results, anatomical values are used, as shown in Table 1, which are similar to those used in [5] and [8] . The control input constraint is set to Table 1 . Anatomical parameters used for the 2-link model of Figure 1 .
Body

Mass
72.825
Moment of inertia (CoM) 11.7057 .
Hip to CoM length 0.8755
Feet
Mass
2.175
Length, toe to heel 0.2660
Height, ground to ankle 0.0683
Toe to ankle (horizontal) 0.2155
Toe to CoM (horizontal) 0.1330 Checking the criterion of Theorem 3 for all points on confirms that there is no balanceable point on or outside it, and hence, that is exactly and thoroughly the since a trajectory from outside to the origin will surely cut through .
The balanceable region in the -plane may be mapped into the -plane by
where , and are the horizontal location of the CoM normalized to the feet length and the horizontal velocity of the CoM normalized to the body height. The balanceable region found above transferred into the -plane as well as those proposed in [5] and in [8] are shown in Figure 2 -b.
The main two boundaries of the balanceable region found by the method of this paper match those of [5] . However, we have missed a third boundary which comes from a condition on the exerted torque on the ankle joint in large movements in order to ensure that the pressure-type nature of the GRF holds. Such a condition cannot be seen in the form of the control input constraint considered in this paper. A discussion on the input constraints will be done later.
Three-segment model
In this section we will apply the same theory on a more complicated model as well in order to figure out its balanceable region: a three-segment body of feet, lower limbs (excluding the feet), and the upper body, jointed at the ankle and hip with the sagittal symmetry is assumed (Figure 3 
The stable subspace for this system near its equilibrium point is the span of the stable eigenvectors of the linearized matrix :
,
which is a 2-dimensional plane. To obtain the entirely, one may solve the state
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Vol. of the balanceable region mapped in the -plane (green and red curves), and those obtained in [5] (solid black) and in [8] (dash-dotted black). Table 2 . Anatomical parameters used for the 3-link model shown in Figure 3 .
HAT
Mass
50.85
Moment of inertia (CoM) 3.1777 . Boundaries in Figure 5 are not so smooth, which should be related to the low resolution of the 4-dimensional matrix that stores the . Increasing the resolution would increase the matrix size by a fourth power.
Hip to CoM length
Discussion
The Control Input Constraint
The less restricted the joint torques are, the larger the balanceable region is. The motor adults [12] . The actual values vary with each subject. However, the maximum motor torque is not the only constraint. Foot-ground contact conditions (the vertical component of the contact force must be in pressure form, its horizontal component must comply with static friction requirements, location of the CoP is limited) also have to be satisfied. For example, for a foot length of 27.1 , the ankle to toe horizontal distance of 21.9 , and the body mass of 80 , the dorsiflexor torque on ankles may not exceed 39.17 . , which is less than the dorsiflexor torque most of the people are able to produce in their ankles.
The maximum torque an individual is able to produce in a joint varies with the joint angle as well as its angular velocity, since joint geometry and muscle forces are position/velocity dependent. In addition, the limit of applicable joint torques in order to maintain the stability conditions and keep the feet stationary on the ground varies with the kinematics and dynamics of the entire body. The control input constraint, therefore, is state-dependent in reality, while in this study state-invariant input constraints were used for simplicity. However, the results may be extended easily to the state-variant input regions by localizing the for each state.
The control input an individual actually applies in response to a sudden balance perturbation in order to prevent a fall from initiating may be less than what they are mechanically able to exert. Non-mechanical factors will be involved as well, such as pain (acute/chronic) [13] and fatigue (see e.g. [14, 15] ), which means a perturbation might lead to a fall for an individual, though he is mechanically able to recover its balance. Nevertheless, this research doesn't focus on how to find the control input constraint for an individual. The method of this paper works for all closed feasible input regions (origin must be included) of any shape.
Nevertheless, this research doesn't directly consider how to obtain the input region from the physical constraints. The focus in this work is on a method to figure out the feasible range of movements if an input region is given. The method of this paper works for all closed feasible input regions (origin must be included) of any shape.
Existence of Stable Subspaces
The range of feasible movements of a body for the control of balance with certain constraints is figured out in this paper by some particular state trajectories (stable subspaces) corresponding to the boundary of torque constraints. Each of such trajectories meets the equilibrium point corresponding to one of the points on the boundary of the input torque constraints, under the system dynamics with that certain input. However, the existence of an equilibrium point for an arbitrary input torque is not proven. A question arises here: how to find the balanceable region if no stable subspace exists for some inputs?
In fact, such a condition may happen for the shoulder joint, knee, and even the hip joint.
The answer is, for a control input on the boundary of the input constraint and with no corresponding stable subspace, the extreme trajectory should be used instead which satisfies all the constraints and meets the stable subspace of another control input which has an equilibrium point in the feasible input region, inside the feasible input region. An extreme trajectory is that, if it is selected, all other trajectories of the above condition for the same system dynamics will be included in . To illustrate, let's turn back to the 2-segment model. From equation (5) Stable subspaces for all control inputs for which a stable subspace exists are shown in Figure 6 : the red curves. For 500 .
on the boundary of , the equilibrium Figure 6 . Theoretical balanceable region for an unrealistic input constraint of 500 1000 to show how to deal with a case where no stable subspace exists. Red curves are stable subspaces for all the inputs for which a stable subspace exists (condition 10). 500
forms the upper border of the balanceable region (the thick red curve, ). For 1000, no stable subspace exists, and the extreme trajectory should be used instead. Blue curves are state trajectories of system (4) for 1000, and the extreme trajectory is the thick blue one ( ).
All trajectories below cannot be kept inside by the system, and those above it are able to be driven to an equilibrium point, and therefore are able to be driven to the origin. Lateral boundaries are imposed by the state constraint (green lines). The balanceable region for this system is the area between the "x" marks. on the boundary of doesn't satisfy the condition (10) and hence, no equilibrium point exists. The extreme trajectory satisfying the system constraints should be used instead of . All state trajectories of the system (4) with 1000 are drawn in Figure 6 : the blue curves. The curve which passes through the point 1 0 is the extreme trajectory of this input and forms a part of the since it is the only one that excludes no trajectory in which cuts a stable subspace while satisfying the constraints. The for this system is therefore, the area bounded by , , and , i.e. the four corners of which are marked with an "x" in Figure 6 .
Limitations
A state-invariant input constraint was assumed in this research for simplicity. A constraint expressed in such a way cannot simulate any state-variant condition on the input torque, e.g. the condition imposed by the necessity of being the GRF always upward. This is why the corresponding third boundary of the balanceable region couldn't be found in Figure   2 . A future extension may consider a general form of the state-variant input constraint and figure out the balanceable region by localizing the integrated stable subspaces at every point of its boundary.
In this research, like the previous ones, the feasible range of movements for the control of balance addresses the physical feasibility for a mechanical model where the maximum torque an individual can apply on their joints as well as the anatomical parameters play the key role. The model may be extended to include the control system as well, in order to differentiate between the balanceable regions for individuals with not only different mechanics but different control skills as well. For example, adding a response delay into the model will map a state to a point in the instant response model which will be the destination of that state after the response time.
Conclusion
This paper develops a new method to figure out the feasible range of body movements for the control of balance, which is called the balanceable region. In contrast with the conventional methods the borders of balanceable region were analytically found through a mechanical reasoning, thus the method is free from iterative numerical calculations, and hence, the solution is very fast. The balanceable region found by this method depends on the physical properties of a body including anatomical parameters of a body as well as the joints' strength and whatever constrains the control input into the model (input constraint). The method works with any arbitrary shape of the input constraint. where is an arbitrary small scalar. Therefore Thus, the stable manifold for this system will be 
